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Analysis of generation conditions of short internal
waves in the coastal zones of the ocean based on the
spectra of satellite images obtained with high-resolu-
tion optical equipment and mathematical modeling
showed that such high-frequency internal waves can
develop during the formation of a sharp thermocline
(pycnocline) near the surface. They can exist only in a
thin pycnocline and do not penetrate to the depths of the
ocean.

PECULIARITIES OF THE STUDY BASIN

The investigations were carried out south of Oahu
Island (Hawaii). Study of tidal internal waves in the
region (the results are described in [1, 2]) revealed that
the main generation of internal tide occurs at depths
greater than 700 m. Figure 1 presents a fragment of the
chart of the study region south of Oahu Island with bot-
tom topography. Figure 2 shows the profile correspond-
ing to the AB direction. This profile evidences sharp
slopes of the bottom at distances of ~3 km and ~40 km
off the coast.

Tidal internal waves generated in the deep part of
the Hawaiian Ridge propagate to the ocean off the
coast, while their second component is directed to the
coast [1, 2]. This component and horizontal currents
generated by this component can serve as the generator
of secondary internal waves at the slope of the shelf at
depths slightly greater than 50 m (Fig. 2).

Internal waves in the ocean are usually long waves.
This is evidenced by observations from space [3-5].
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Their depth is at least greater than the depth of the
ocean [6]. This can be demonstrated on the basis of the
dispersion relation. The characteristic value of the

d
Brunt-Viisild frequency N = ; iﬂ in the upper
0

layer of the ocean in this region is approximately equal
to ~0.01 s7! [7]. The corresponding limiting periods of
short-period internal waves are equal to a few minutes.
Then, the dispersion relation for internal waves [8]
NHT

n

L= [¢))
where n is the mode number (n is equal to 1 or 2), L is
the wavelength, T'is period, H is depth of the sea, shows
that even 5-min waves should be approximately 0.5 km
long at a depth of ~400 m (for n = 1). More accurate
solutions based on the real vertical distribution of the
Brunt-Viisild frequency do not lead to a significant
decrease in the wavelength for short-period waves.

Thus, short internal waves with lengths ~100 m
should not exist at mean ocean stratification in this
region. However, such waves can be recorded from
space, as will be shown below.

RESULTS OF SHORT-PERIOD INTERNAL WAVE
RECORDING BASED ON THE SPECTRA
OF SATELLITE IMAGES

In 2002-2004, a survey of Mamala Bay of Oahu
Island (Hawaii) was carried out using high-resolution
(0.6-1.0 m) optical equipment installed on the Quick-
Bird and IKONOS satellites [3, 9-13]. Figure 1 shows
an example of the survey zone in the study region from
the IKONOS satellite on September 2, 2002 [3, 9]. Sur-
face manifestations of internal waves were recorded by
means of spatial spectral processing of fragments of
satellite images [13].

Figure 1 presents the results of spectral processing
of two fragments of a satellite image obtained on Sep-
tember 2, 2002. Spatial frequency spectra of one of the
fragments of the image with a size of 2 x 2 km
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Fig. 1. Fragment of the chart of the study region near Oahu Island (Hawaii) and results of spectral processing of the fragments of
satellite image obtained on September 2, 2002 from the IKONOS satellite (resolution is 1 m).
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Fig. 2. Profile of the bottom along profile AB (see Fig. 1) in
the study region.

(2048 x 2048 pixels) at a distance of ~22.5 km from the
coast are shown below on the left side in this figure. The
lower spectrum is shown with magnification for better
visualization. Two pairs of local spectral harmonics
caused by high-frequency internal waves are clearly
seen in these spectra. The wavelengths corresponding
to these spectral harmonics are equal to 103 and 146 m.
Such maxima are not distinguished (Fig. 1, upper left
side) in the spectrum of a similar fragment recorded
closer to the coast (at a distance of ~17 km).

Parameters of short-period internal waves, their
lengths, and directions of propagation were calculated
from the results of spectral processing of fragments of
a number of space images obtained in August-Septem-
ber of 2002-2004 from the IKONOS and QuickBird
satellites. The wavelengths varied within 80-200 m,
and their propagation directions changed within ~30°—
60°, which is close to the orthogonal direction with
respect to the isobaths [13]. The manifestation region of
such short internal waves distinguished from the spec-
tral maxima of satellite images is bounded by a dashed
line in Fig. 1 and indicated with arrows in Fig. 2. Thus,
processing of the data allowed us to reveal local max-
ima in the spectra of satellite images of the ocean sur-
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Fig. 3. Packet of short internal waves and field of specific densities over AB section (see Fig. 2) directed to the open ocean after
calculations during four tidal periods M2 from the beginning of calculations.

face caused by short-period internal waves (with
lengths L ~ 100 m), which are prominent at distances of
20-40 km off the coast [13]. Owing to the masking
influence of the surface wind waves, these short inter-
nal waves are not found visually in the initial satellite
images as usually happens in many regions in the case
of longer wavelengths [3-5]. Therefore, short internal
waves can be selected only based on the results of spec-
tral analysis of the images [3, 9].

Let us consider conditions under which the exist-
ence of short internal waves and their manifestation at
the ocean surface are possible. Packets of short-period
internal waves are generated when internal tidal waves
break. The frequency of such waves is close to the
Brunt-Viiisild frequency. If a sharp thermocline is
formed at small depths in specific conditions, e.g.,
when the surface warms up (this usually occurs in
August-September in the study region) [7, 11, 12],
higher frequency waves can form at the thermocline.
These waves cannot propagate deeper than the ther-
mocline due to their specific properties. The Brunt—
Viisild frequency deeper than the upper pycnocline
(thermocline) should be lower than the frequency of the
high-frequency waves. This condition forbids physi-
cally their propagation to the depths. The depth of the
ocean is not important for such waves. The pycnocline
thickness will be the characteristic depth scale for such
waves. Such short waves can exist at the pycnocline and
manifest themselves at the surface if this pycnocline is
not deep, for example its depth and thickness are equal
to ~10-15 m. Let us analyze this situation from the the-
oretical point of view.
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THEORETICAL PREREQUISITES
FOR THE POSSIBILITY OF GENERATION
OF ULTRASHORT INTERNAL WAVES

Let us consider linearized hydrodynamic equations
with respect to the unperturbed state specified by the
hydrostatic equation. All unknown variables except for
the vertical velocity component were excluded from the
equations [8]. In the Boussinesq approximations, when
we neglect density variations py(z) along horizontal
axes, the equation for the vertical velocity component is
written as

Aw,+ N Ayw + frw,, = 0, 2

where w is the vertical velocity component, 7is time, f is
the Coriolis parameter, and A, is 2D Laplacian in hori-
zontal coordinates.

Let us formulate the boundary conditions. At the
bottom, at z = —H = const, the vertical velocities are
equal to zero:

w(-H) = 0. 3)

At the surface, we can also assume that velocity is
zero, but due to the considerations of surface motions
caused by internal waves, we shall consider that pres-
sure variations at the surface are equal to zero; i.e.,

dP
S=0at z=((xy). @)
dt
where {(x, y) are deviations of the free surface from the
unperturbed state at z = 0.

In this relation, pressure P is the sum of the constant

component of pressure p, and fluctuations p: P = p, + p.
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Let us linearize the condition of constant pressure at
the free surface with account for the hydrostatic equa-
tion and exclude pressure from it using the equations of
motion. As a result, we obtain the following relation:

W+ f'w),—gAw =0 at z = {=0.  (5)
The solutions in the form of plane waves always
exist for Eq. (2)
v = (p(z)ev(k‘,\+l\\\fm/), ©
where @(z) is the amplitude function.
Substituting Eq. (6) and boundary conditions (3)
and (5) into Eq. (2), we get

2 2 2
Z—‘f+7’v (f)};” P =0, 0
z o -
wz—fzd(p
ot 0; @(-H) =0 npn z = 0. (8)

In these equations k> = k> + k_.

Let us simplify the boundary condition at the free
surface assuming @(0) = 0. Thus, we filter out surface
waves.

It is clear that Eq. (8) in the oceanic conditions can
be solved if condition N > o > fis satisfied. If the wave
frequency in the near-surface pycnocline is high and
exceeds the Brunt—Viisild frequency (w > N) in the
layer under this thin pycnocline, the waves would prop-
agate in  the density jump layer ~ without spreading
deeper in the ocean.

The simplest form of solution for the amplitude
function at a constant value of the Brunt—Viisild fre-
quency is a sinusoidal function of depth with zero val-
ues at the surface and bottom. Then, instead of ampli-
tude function (), it is possible to use vertical velocity
w or the amplitude of vertical displacements. In this
case, solutions are obtained to a normalizing coeffi-
cient, which can be determined from the available mea-
surements or initial conditions.

Equation (7) and correspondingly its solution are very
much similar to the solutions of the 1D Schroedinger
equation for the probability of existence of a particle in
the allowed energetic region. Solutions in this region
have an oscillating wave character, and they decay
beyond this region. The Schréedinger equation for the
W function of probability is written as

&y 2m _
— +=[-V(@)+Ely =0, )
dz"
where E is the energy of the particle, V(z) is potential
energy, and # is Planck’s constant.

The problem of possible generation of short internal
waves in the shelf zone under consideration is similar to
the problem of a particle in a potential well of finite
depth. If the energy of the particle is E > V(z), the solu-

tion is an oscillating function. In quantum mechanics, if
energy is E < V(z), this condition corresponds to a
decay of the wave function in the classically forbidden
region.

The two problems considered here are not fully sim-
ilar because internal wave frequency ® and energy E
are differently included in similar equations. The simi-
larity between solutions of these problems is in the fact
that an internal wave can exist only in a thin pycnocline.
The existence of the bottom is not necessary for the
solution of the problem of internal waves in a sharp
pycnocline layer. In the layer below the pycnocline,
small values of the Brunt—Viisila frequency do not
allow the existence of an internal wave. Thus, the influ-
ence of large depth and the corresponding equations of
long waves do not work here. The thickness of the
picnocline is the depth of the existence of internal
waves. In this case, the wavelength is determined by the
thickness of the layer of high vertical gradients of den-
sity. This thickness can be equal, for example, to 10 m
or a few tens of meters. The length of such short waves,
in principle, can be of the order of hundreds of meters,
as was found in the spectral processing of satellite
images.

MATHEMATICAL MODELING
OF SHORT INTERNAL WAVES

In this case, we solved a problem of local generation
of the internal tide on the shelf of Oahu Island in the
depth range up to 500 m due to the currents of the baro-
tropic tide propagating to the bay and generating the
internal tide over the slope of the shelf near the ther-
mocline (pycnocline) layer. The maximal amplitudes of
the internal tide in the ocean are generated when the
barotropic tide currents flow over uneven topography.
The appearing vertical components of the currents
cause periodical displacements of isopycnal surfaces.
The diurnal and semidiurnal tidal periods are energetic
in the study region of Mamala Bay [2, 7, 12]. The tidal
component corresponding to the M2 barotropic tide
with a period of 12.4 h is the main energetic frequency
of the internal tide.

The generation and propagation of tidal internal
waves over the slopes of the bottom are investigated on
the basis of numerical modeling using characteristic
hydrological parameters for data input for the model.
We used a 2D model of generation and propagation of
internal waves in the shelf zone in coordinates directed
normal to the coastline and along the depth [14]. Inter-
nal waves were considered plane waves propagating
normal to the coast. The assumption about 2D proper-
ties of the developing wave processes practically does
not change the characteristics of the internal wave field
in the shelf and continental slope region, because the
variability of internal waves in the direction normal to
the coast is usually much stronger than the variability
along the coastline.
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The main source generating internal waves in the
shelf region is the interaction between the currents of
the barotropic tide and continental slope in the offshore
part of the shelf [4, 15]. The currents of the barotropic
tide and currents of semidiurnal internal waves gener-
ated over the deep parts of the Hawaiian Ridge incident
at this slope in the shelf region obtain periodical verti-
cal components, which cause the displacement of
isopycnal surfaces, thus generating internal waves.

Water transport in the barotropic tide flow was spec-
ified on the basis of recalculation of the velocities of the
barotropic tide to the stream function. The currents of
the barotropic tide were estimated on the basis of data
in [1, 2]. They were found from the condition of coin-
cidence of the maxima of tidal currents of the diurnal
and semidiurnal tides. For the model calculations, we
used a work field 30 km long with a horizontal step of
10 m and 20 vertical levels. The time step was equal
to 5 s. The coefficients of the horizontal eddy viscosity
and density diffusivity were specified as 11 m%s, and
the corresponding vertical coefficients were equal to
0.0002 m%s.

Internal waves generated over the slope of shelf
depths for the M2 tide with a period of 12.4 h were cal-
culated. The vertical density distribution was based on
the data of measurements in the case of a sharp ther-
mocline near the surface, which is formed at specific
time moments [7, 9, 10, 12]. It was assumed that the
sharp pycnocline layer was located at a depth of
approximately 10-15 m. Analysis of the results of cal-
culation by the described model is presented below.

ANALYSIS OF RESEARCH RESULTS

Sections of the density field related to a specific
phase of the M2 tide are obtained as a result of calcula-
tions. Figure 3 shows the calculated fields of specific
densities. Sections of density fluctuations are presented
for the time moment approximately corresponding to
four M2 tidal periods from the beginning of calcula-
tions. The formation of an internal wave propagating
over the shelf in the open ocean direction is clearly seen
in Fig. 3. The density at the surface is specified as
1.02256 kg/dm? (specific density is 22.56). Contour lines
of density are shown with a step of 0.00025 kg/dm?®.

The results of modeling showed that a packet of
short internal waves with an amplitude of ~10 m devel-
oping at a distance greater than 20 km off the coast is
prominent in the section of specific density (Fig. 3).
The length of waves in the packet is 150-200 m. This
corresponds to a wave period of 4-5 min. The packet is
generated when tidal perturbation propagates from the
sharp slope of depths over a distance of approximately
15 km in the course of propagation of the perturbation
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to the ocean. The faster frontal waves propagate ahead,
while the short slower waves remain in the trailing part
of the packet, which leads to its elongation. Such short
internal waves can develop only in very narrow pycno-
cline located close to the surface. Such a wave does not
exist in deeper layers and near the bottom.

If the amplitudes of short-period internal waves are
equal to ~10 m, we can expect their manifestation at the
surface. This was recorded in the spectra of satellite
images in 2002-2004 (as was mentioned above, the
lengths of such waves are equal to 80-200 m).

Thus, the investigations demonstrated that short
internal waves are generated in a sharp pycnocline
close to the surface. They are manifested at the surface
and do not propagate deeper in the ocean. These short
internal waves are revealed by means of spatial spectral
processing of high-resolution (1 m) satellite images.
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