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1. INTRODUCTION

A key source of pollution of coastal water areas is
waste-water disposal of [1]. This affects the general
mass-exchange, hydrodynamics, and state of ecosys-
tems of these water areas. There has been considerable
recent interest in using aerospace methods for moni-
toring the zones of underwater collectors [1–4]. To
assess the efficiency of remote methods, it is neces-
sary to clarify the physical nature of disturbances
caused by underwater disposal systems, as well to
assess the possibility of their manifestations on the sea
surface and registration by remote methods. Currently
the physical mechanisms that can cause surface mani-
festations of deep sinks are not clearly understood.
The physical mechanisms of the formation and prop-
agation of turbulent jets in stratified water media of
coastal water areas were considered in [5, 6]. In addi-
tion to the direct rise of disposed wastewater to the
surface, some mechanisms conditioned by the surface
deformation by buoyant vortices or internal waves and
are proposed in [1, 3] and the surface manifestations
of underwater sinks are explained by a complex inter-
action between turbulence, internal waves, tidal cur-

rents, and bottom topography in [4]. In this paper we
discuss a mechanism of surface manifestations of
underwater sinks that is related to the radiation of
internal waves.

The typical diffuser of the modern disposal system
is a collector with small vents allowing waters that
have become almost freshwaters after being processed
by waste disposal systems to flow into the saline oce-
anic water [7]. Turbulent jets flow out of these vents
with a density smaller than the density of the ambient
liquid. Here, buoyant plumes of disposal waters are
generated. In this paper we propose a physical mech-
anism of the radiation of internal waves by underwater
sinks, investigate the structure of the field of internal
waves, and estimate the parameters of currents
induced by these internal waves and the possible con-
trasts in the field of surface waves. This study consists
of three sections. The mechanism of internal-wave
generation by underwater sinks is proposed and inves-
tigated in the first part, the second part addresses the
structure of internal waves radiated by these sinks,
and the third part considers the problem of surface
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Abstract

 

—In a large test reservoir with artificial temperature stratification at the Institute of Applied Physics,
Russian Academy of Sciences, we have performed a major laboratory simulation of the nonstationary dynamics
of buoyant turbulent jets generated by wastewater flows from underwater collector diffusers. The interaction of
buoyant jets with the pycnocline leads to an active generation of internal waves. An analysis of the dependence
of wave amplitude on the control parameter proportional to the rate of liquid flow from the collector diffuser
has indicated that this dependence is adequately described by a function that is characteristic for the presence
in the Hopf bifurcation system, which occurs for a soft actuation mode of self-oscillations of the globally insta-
ble mode. To check the conditions for the actuation of the globally instable mode, we have performed an aux-
iliary experiment in a small reservoir with a salt stratification formulated similar to the experiment in the big
reservoir. Using the particle image velocimetry (PIV) method, we have measured the velocity field in the buoy-
ant jet and constructed the profiles of transverse velocity in several sections. When the jet approaches the pyc-
nocline, a counterflow is generated at the edges. A stability analysis for the resulting profiles of flow velocities
performed by the method of normal modes has revealed that, for the jet portions with counterflow, the condition
of absolute instability by the Briggs criterion for axisymmetric jet oscillations is satisfied, which testifies to the
fact that the globally instable mode is actuated. The estimates for oscillation frequencies of the globally instable
mode are well consistent quantitatively with the measured spectrum of jet oscillations.
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manifestations of internal waves radiated by these
sinks.

This paper describes the first part of the study;
here, the hydrodynamic processes near an underwater
collector are investigated on the basis of a major lab-
oratory simulation. The main objective is to study the
possibility of actuating internal waves by deepwater
sinks and the efficiency of this mechanism. It should
be noted that an indication that the internal waves can
be radiated by buoyant jets is found in Turner’s study
[8]. Like in [3, 5, 6], this study presents experimental
data indicating that the height of maximum rise of
buoyant jets can be subjected to essential oscillations.
In turn, this can lead to actuated internal waves. A
similar phenomenon is described in the works by Kar-
likov et al. [9, 10], which show that, for a certain
choice of current parameters, the fountain flowing
from the below-surface water area makes oscillations
that are accompanied by the actuation of surface
waves. In [5, 6], the results of model calculations of
the buoyant jets of deepwater sinks in a stratified
medium are considered and compared with field mea-
surement data.

In experimental studies [11–13], the oscillations of
buried fountains observed in both turbulent [11, 12]
and laminar regimes [13] are described.

In the first part of our study, we calculate the cur-
rent and stratification parameters, ensuring that the
conditions of major laboratory simulations of waste-
water flow from the underwater collector are satisfied.
We describe the laboratory setup, measuring appara-
tus, and experimental setup in the large thermally
stratified test reservoir (LTSR) at the Institute of
Applied Physics, Russian Academy of Sciences. The
results of experiments performed in this reservoir are
discussed. Also, an experiment performed in a smaller
reservoir with a salt stratification is described and the
use of the particle image elocimetry (PIV) technique
for the profile of average jet velocity is discussed. We
describe the theoretical calculations of self-oscilla-
tions in spatial currents when a counterflow is present
and compare their results with experimental data.

2. MAJOR LABORATORY SIMULATION 
OF WASTEWATER FLOW 

FROM AN UNDERWATER COLLECTOR

By definition, the laboratory simulation of oceanic
currents (in our case, turbulent buoyant jets flowing
from an underwater collector) requires that the dimen-
sionless parameters describing it in natural conditions
coincide with the corresponding laboratory parame-
ters and there should be a geometric similarity
between them. To determine the parameters of a major
simulation, we consider the main equations describing
the evolution of integral parameters of buoyant turbu-
lent jets of a round section in the stratified liquid

obtained in [14] with the help of the following suppo-
sitions:

(1) the liquid is incompressible;
(2) the variations in the liquid density are smaller

than its undisturbed value;
(3) the Reynolds number of the jet current is large,

so that the molecular transport of mass and momen-
tum is smaller than the turbulent transport;

(4) the turbulent transport along the jet current is
smaller than the convective transport;

(5) the pressure in liquid is described by the hydro-
static relation;

(6) the jet radius is smaller than its radius of curva-
ture;

(7) the velocity profile in the jet is approximated by
the Gauss function

where 

 

s

 

 is the coordinate along the jet axis, 

 

r

 

 is the
radial coordinate, 

 

ϕ

 

 is the angle between the 

 

xz

 

 plane
and the given radius–vector, 
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 is the velocity along
the jet axis, and 

 

b

 

 is the jet radius;
(8) the profile of the jet density defect is also

described by the Gauss function
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 is the density of the environment, 
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 is the density
of ambient liquid at the collector level, 
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 is the den-
sity along the jet axis, 

 

λ

 

 = 1.16 is a constant obtained
from experimental data for the circular cross section of
the jet [14];

(9) the law of entrainment is given by the relation

where 

 

Q

 

 is the volume flow through the jet cross section
and 

 

α

 

 = 0.057 is the turbulent entrainment coefficient.
The system of equations describing the integral

parameters of this jet involves the following equa-
tions:

(i) the equation of jet flow change through entrain-
ment

 

(1)

 

(ii) the law of conservation of flow along the jet of
the horizontal component of momentum

 

(2)

 

where 

 

Θ

 

 is the angle of jet slope to the horizon;
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(iii) the law of change of the current along the jet
of the vertical component of momentum through the
buoyancy forces

 

(3)

 

(iv) the law of change of the buoyancy flux along
the jet through the entrainment of the ambient nonuni-
formly distributed liquid

 

(4)

 

System (1–4) must be coupled by geometric rela-
tions linking the coordinate along the jet 

 

s

 

 and the
angle of jet slope to the horizon 

 

Θ

 

 with the Cartesian
coordinates 

 

x

 

 and 

 

y

 

:

 

(5)

(6)

 

Let us introduce a new variable 

 

β

 

 =

 

g

 

 and call it buoyancy. Then, Eqs. (3)

and (4) can be rewritten as
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 is the profile of the squared buoyancy fre-

quency, which can be represented as 
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,
where 

 

h

 

 is the characteristic thickness of the pycno-
cline, 

 

N

 

0

 

 is the value of buoyancy frequency, and 

 

n2(z/h)
is a dimensionless function.

The initial conditions for the system are specified
by the parameters of jet current at the point of flowing
out from the collector:

u = U0, b = b0, Δρ = Δρ0 (β = β0),  Θ = 0,  z = z0, x = 0.

Let us show (2.1)–(2.6) system in dimensionless
variables

(9)

(10)

d
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----- u2b2 Θsin( ) 2gλ2b2ρa z( ) ρ s( )–
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-----------------------------;=
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----- Θsin .=

ρa z( ) ρ s( )–
ρ0

-----------------------------⎝ ⎠
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d
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2

s̃ s/b0, x̃ x/b0, z̃ z/b0, B b/b0,= = = =

V u/U0, β
gΔρ0

ρ0
------------γ .= =

d
ds̃
----- V B2( ) 2αVB,=

d
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----- V2B2 Θcos( ) 0,=

(11)

(12)

(13)

(14)

At these norms, the initial conditions in this case
take the form

B = 1, V = 1, γ = 1, Θ = 0,  = 0,  = z0/b0.
It can be seen that system (9)–(14) and the boundary
conditions are determined by four dimensionless
parameters:

(i) the parameter of background stratification

(15)

(ii) the global Richardson number of the jet current

(16)

(iii) the dimensionless thickness of pycnocline

 = h/b0, (17)

(iv) the dimensionless depth of the collection posi-
tion

(18)

In the model experiment, the background-stratifi-
cation parameters, geometric dimensions of the
model, and liquid flow rate were determined on the
basis of modeling conditions with respect to the num-

ber Ri, Str,   as well as the geometric similarity.

3. EXPERIMENTAL SETUP IN THE LTSR

The current near the collector of the disposal sys-
tem has been simulated in the LTSR at the Institute of
Applied Physics, Russian Academy of Sciences. The
LTSR dimensions are as follows: 20 m in length, 4 m
in width, and 2 m in depth [15]. The density stratifica-
tion in the LTSR is generated through liquid heating
and cooling with the help of heat exchangers installed
along lateral boundaries of the reservoir walls [15].
This results in the formation of a nonuniform vertical
distribution of temperature in the reservoir. Here we
have performed two series of experiments differing in
the depth of occurrence of the temperature jump (Fig. 1).

The general schematic of the experiment is shown
in Fig. 2. The physical model of the collector is a

d
ds̃
----- V2B2 Θsin( ) 2λ2B2γRi,=

d
ds̃
----- V B2γ( ) 1 λ2+

λ2
--------------⎝ ⎠

⎛ ⎞ V B2n2 z̃/h̃( ) Θ Str( ),sin–=

d x̃
ds̃
------ Θ,cos=

dz̃
ds̃
----- Θsin .=

x̃ z̃

Str
N0

2b0ρ0

gΔρ0
-----------------,=

Ri
gΔρ0b0

ρ0U0
2

------------------,=

h̃

z̃0 z0/b0.=

z̃0, h̃,
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metallic tube that is blocked at one end and has a
length of 1.3 m and a diameter of 1.2 cm; the lateral
surface of this tube includes 5 vents with a diameter of
3 mm located at a distance of 30 cm from one another
at the same level. The rube is oriented horizontally
across and in the middle of the reservoir at depth H
from the surface (see Fig. 2). The vent axes are ori-
ented horizontally. The collector model is connected
by a hose through the free end with a tank filled with

a solution of ethyl alcohol, the density of which dur-
ing the experiments was kept constant and equal to
0.93 g/cm3. The average rate of the solution flow out
of vents in the collector model is determined through
the solution consumption

where S0 is the area of a single vent and Δt is the time
needed for the control volume V of the solution to out-
flow.

The table shows the parameters of the current and
stratification in the LTSR, which enable the typical
conditions of the coastal area and characteristic
parameters of the collector diffuser of the underwater
disposal system to be simulated on a massive scale [3]

with respect to the numbers Ri, Str,   and a geo-
metric similarity on the scale of 1 : 27. In this case, the
Reynolds number at the vent output was around 3000,
which ensures the developed turbulence mode of
buoyant jets in the laboratory experiment. The dis-
tance from the middle of the thermocline to the sur-
face constituted 40–50 cm (the maximum depth for
the thermocline location reached in the LTSR) for the
first series of experiments and 13–15 cm (the mini-
mum depth for the thermocline location reached in the
LTSR) for the second series.

The variation of the flow rate through the change in
the tank-solution level during the experiment does not
exceed 10% (the average value was 5%). In the LTSR,
a temperature stratification of the thermocline type
was created and its parameters were kept invariant in
the course of all experiments. The total depth of the
liquid filled in the reservoir constituted 162 cm and
was constant during the experiments. The temperature
oscillations in the environment caused by jet buoy-
ancy were fixed with the help of an antenna of 13 tem-
perature sensors (thermistors) measuring the values of
water temperature in the range from 9 to 20°ë with an
error of no more than 0.05°ë and a time constant of 0.3 s.
The antenna was foxed on a special portable rack at
different distances from the collector model. The ana-
log signals from thermistors were transformed with
the help of an analog-to-digital converter and recorded
to the computer’s hard disk. The flow-velocity profiles
were measured by a three-component Doppler veloci-
meter installed immediately behind the antenna of
temperature sensors on the scanning device.

Two series of experiments with different depths of
the thermocline location, as well as a test series pre-
ceding the first one, were performed. The test series
consisted of 14 experiments with varying rates of the
liquid flowing from the collector diffuser (30, 40, 48, 55,
70, 80, 90, 95, 100, 105, 120, 125, 140, and 190 cm/s) for
fixed stratification parameters (at a maximum buoy-
ancy frequency of 0.45 s–1 and a distance of 40–50 cm

V0
Q
SΣ
-----

V
5S0Δt
--------------,= =

z̃0, h̃

Temperature T, °C
D

ep
th

 z
, 
Òm

0

–20

–40

–60

–80

6 8 10 12 14 16 18 20 22 24

1

2

Fig. 1. Profiles of temperature stratification in the LTSR:
operating profiles with (1) low thermocline, (2) deep ther-
mocline.

The parameters characterizing the field and laboratory con-
ditions

Parameter Field 
conditions

Laboratory 
conditions

Diameter b0 of vent in collector 8 cm 0.3 cm

Depth zp from the middle of py-
cnocline to collector

30 m 110 cm

Pycnocline thickness h 5.5 m 20 cm

Distance l between collector 
vents

7 m 30 cm

Maximum value  of buoyan-
cy frequency

5 × 10–2 s–1 0.45 s–1

Initial difference (ρ1 – ρ0) be-
tween densities of jet and ambi-
ent liquid

0.0235 g/cm3 0.07 g/cm3

Jet rate V0 at the output of diffuser 3 m/s 1 m/s

N0
2
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from the surface to the thermocline middle). The first
series consists of 24 experiments for four velocity val-
ues (40, 70, 100, and 145 cm/s) for the same stratifica-
tion. For each value, six experiments were performed.
This involved 5 runs of 10 min and one run of 20 min.
The second series consists of 16 experiments for the
same four velocity values for the stratification with a
low thermocline. In the second series of experiments,
the velocity fields were measured on the reservoir sur-
face by the method of Particle Tracing Velocimetry
(PTV).

4. THE RESULTS OF THE EXPERIMENT 
IN THE LTSR

Using the measured temporal temperature cross
sections and a special-purpose computer program, we
calculated the average characteristics of the tempera-
ture field, depth of isotherm location, spectra of shifts
of liquid particles relative to their equilibrium level,
and dispersion of isotherm shifts. The shift dispersion
of each isotherm was calculated by the formula

where Sp(f) is the spectrum of isotherm shifts relative
to the median level; the meaning of frequencies fmax and
fmin will be described below.

Figures 3 and 4a show examples of temporal cross
sections of the temperature field for a 100-cm/s liquid
flow from the diffuser (for which the conditions of the
major simulation are satisfied) for stratification with

ση
2〈 〉 η2〈 〉 Sp f( ) f ,d

f min

f max

∫= =

deep and low thermocline. The left sides of the figures
show the isotherms corresponding to temperatures
from 9 to 20°ë for Fig. 3 (from 10 to 20°ë for Fig. 4)
with a step of 1°ë, which was constructed by measure-
ment data obtained by all sensors (the dashed lines
mark 4 isotherms in the range of from 9 to 12°C in Fig. 3
and from 10 to 13°C in Fig. 4). It can be seen from the
figures that the buoyant jet induces temperature oscil-
lations (isotherm shifts).

Figures 3 and 4b show the spectra of isotherm
shifts for the rate of liquid flow from the diffuser of
100 cm/s obtained by the ensemble averaging of six
runs in the case of stratification with a deep ther-
mocline and five runs for stratification with a low ther-
mocline. The spectra include a clearly expressed peak
in the range of frequencies from fmin = 0.02 Hz to fmax =
0.05 Hz, which are smaller than the maximum value
of buoyancy frequency (which constituted 0.07 Hz
(0.45 rad/s) in the given series of experiments). Thus,
the frequency of oscillations induced by the buoyant
jet is in the range of propagation of internal gravita-
tional waves. Let us note that the values fmin = 0.02 Hz
and fmax = 0.05 Hz were chosen for calculating the dis-
persion of isotherm oscillations.

Let us discuss the mechanism of actuation of the
observed oscillations. First of all, we emphasize the
key difference of this phenomenon from the spatial
oscillations of buried jets [12], which can be described
by the solution (oscillating with respect to ) of the
stationary system of equations (9)–(14). In our exper-
iments, when the buoyant jet interacts with the ther-
mocline, a nonstationary process (oscillations with a
peak at the frequency range) is observed.

s̃

Tank filled with a solution 

(the density is 0.93 g/Òm
3
)

Surface
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 Lateral view
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Fig. 2. General schematic of the experiment for simulating a current induced by the wastewater disposal system.
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A possible way for thermocline oscillations to
emerge is by the evolution of hydrodynamic instabil-
ity in the jet along the thermocline. However, in the
given experiment, for a 100-cm/s liquid flow from the
diffuser, the minimum gradient Richardson number of
the jet was Ri = 0.43 > 0.25. For this value of the Rich-
ardson number, according to the Miles–Howards cri-
terion [16, 17], the current is stable.

To explain the nature of observed oscillations, we
made a hypothesis on the actuation of self-oscillations
in the system. It is known that, if the system has self-
oscillations, their amplitude ‡ satisfies the Landau
equation [18]

(19)

where R is a control parameter, Rc is its critical value,
and ν is a parameter of linear attenuation.

The parameters entering into Eq. (19) can be calcu-
lated if the approximation of weak linearity (for exam-
ple, see [19]) is applicable. In addition, they can be
found from an approximation of experimental data. In
this case, the amplitude of steady-state oscillations
satisfies the equation

(20)

The control parameter is represented by the rate of

liquid flow from the collector vents and  = |a|2/2.
Here, the parameters entering into Eq. (20) can be
determined from the condition of the best approxima-
tion of the resulting experimental data.

We constructed experimental dependences for the
average dispersion of isotherm shifts in the upper part

da
dt
------ a μ R Rc–( ) ν a 2–( ),=

R Rc–( ) ν
μ
--- a 2–⎝ ⎠

⎛ ⎞ a 0.=

ση
2〈 〉

of the thermocline (an averaging over isotherms 13–
19°ë in Fig. 5a for the first series of experiments and
14–20°ë in Fig. 6a for the second series of experi-
ments) and in the lower part of the thermocline (an
averaging over isotherms 9–12°ë in Fig. 5b for the
first series of experiments and 10–13°ë in Fig. 6b for
the second series of experiments) on the rate of liquid
flow from the collector model. The considerable scat-
ter in the results obtained in different runs for one and
the same flow rate can be explained by the fact that the
jet current in the area of the sensor location is not two-
dimensional (the jets did not completely merge
together). It can be seen that the experimental data are
well approximated by linear dependences following
from Eq. (20). As was shown in [20], the existence of
this dependence is a reliable criterion for the actuation
of the globally instable mode.

It should be noted that a key criterion for the exist-
ence of the globally instable mode in the system is
also assumed to be the narrow-band oscillation spec-
trum [20]. It can be seen from Figs. 3 and 4b that the
spectra have a clearly expressed peak in the frequency
range between fmin = 0.02 Hz and fmax = 0.05 Hz. This
also speaks in favor of self-generation in the system.

In studying self-generation in the system, it is
important to clarify the mechanism of emergent posi-
tive feedback. In the present experiment, we consider
a system that is a jet where each cross section is
homogenous in through turbulent mixing and which
acquires a pulse due to the action of buoyancy forces;
then it is captured by the pycnocline. The problem of
positive feedback for self-oscillations in such a sys-
tem is formally reduced to the study of conditions for
the hydrodynamic stability of this current. Here, for
exponentially growing self-oscillations of such a sys-

400 600 800

–60

–50

–40

0.10.01

z, Òm 

f, Hz t, s 

Isotherm,
relative units

Fig. 3. Temporal cross sections of isotherm oscillations for
the rate of liquid flow from the collector of V0 = 100 cm/s in
the mode of stratification with deep thermocline. The right
side shows isotherm spectra; the dash-dotted lines indicate
the maximum value of buoyancy frequency.

400 600200

–30

–20

–10

0.10.01

z, Òm 

f, Hz t, s 

Isotherm,
relative units

–40

0

Fig. 4. Temporal cross sections of isotherm oscillations for
the rate of liquid flow from the collector of V0 = 100 cm/s in
the mode of stratification with low thermocline. The right
side shows isotherm spectra; the dash-dotted lines indicate
the maximum value of buoyancy frequency.
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tem, P. Monkewitz et al. [20, 21] introduced the con-
ception of the globally instable mode. The exact solu-
tion of this problem is connected with large complex-
ities and, apparently, can be obtained only with the
help of direct numerical modeling. However, the feed-
back in the given system can be understood if one uses
the approach developed in [20, 21], where it is pro-
posed that the globally instable modes in current sys-
tems be described approximately. The buoyant jet is a
typical example of such a system. These systems are
characterized by the existence of a distributed feed-
back, the parameters of which are determined by some
peculiarities of the flow field. For example, as is
shown in [21], the positive feedback and globally
instable modes caused by it are characteristic for jet
currents with counterflow. To clarify the positive feed-
back in a buoyant jet captured by the pycnocline, we
performed special experiments for studying the veloc-
ity field in the jet in the small reservoir with salt strat-
ification by the PIV method.

5. DESCRIPTION OF THE EXPERIMENT 
IN A SMALL RESERVOIR WITH A SALT 

STRATIFICATION

To study the way that buoyant turbulent jets and
ambient stratified liquid interact, we performed spe-
cial experiments in the small reservoir. Here, a salt
stratification of the pycnocline type is created. The
distributions of density and buoyancy frequency are
shown in Fig. 7. In this experiment, the collector
model had only a single vent with a diameter of
1.2 mm that allowed freshwater to flow out with a rate
of 50 cm/s. Here, the PIV method [22] was used. This

digital method for investigating the velocity fields is
based on a visualization of currents by additional trac-
ers (particles). In this experiment, the particles were
added into the freshwater liquid in the tank. The
motion of particles was visualized by radiographing
the jet with a vertical laser knife along the axis. The
lateral view was recorded on a CCD-camera. The pro-
cessing of the resulting video made it possible to
obtain the velocity field in the laser-knife cross section
at consecutive time points with a step of 0.25 s.

Figure 8 shows examples of measured instanta-
neous velocity fields. It can be clearly seen that the
jets are retarded by stratification and propagate at the
neutral buoyancy level, which is located on the lower
boundary of the pycnocline.

The videotape recording also indicates that the
upper boundary of the jet oscillates in the vertical
plane; here, the oscillation spectrum has a clearly
expressed peak at a frequency of 0.1 Hz (Fig. 9).

Figure 10 shows the instantaneous velocity profiles
in different cross sections of the jet. To smooth the tur-
bulent pulsations that arise on these profiles, averag-
ing by the coordinate along the jet axis was per-
formed. This includes the calculation of the mean pro-
file of velocity on the basis of three adjacent profiles
located 4.8 mm away from each another. It can be seen
from this figure that the profiles have an almost flat
front and there is a considerable counterflow in sec-
tions 2 and 3.
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Fig. 5. Dependences of the average dispersions of flow-rate
fluctuations in the mode stratification with deep ther-
mocline: (a) for the upper part of the thermocline (an aver-
aging over isotherms 13–19°C and (b) for the lower part of
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6. THEORETICAL CALCULATION 
OF SELF-OSCILLATIONS IN SPATIAL 

JET CURRENTS

The phenomenon of actuation of self-oscillations
in spatial jet currents was theoretically justified in
studies by Huerre, Monkewitz, and Chomaz [20, 21,
23, 24]. In [20], the concept of local and global insta-
bility is introduced. The terms “local” and “global”
refer to local instability of the profile of velocity and
to the entire spatially inhomogeneous current, respec-
tively.

Also in [20], a classification for spatial jet currents
is introduced with respect to the type of instability:
absolute and convective. The emergence absolute
instability was shown to be affected by two factors:
the presence of counterflow and the difference
between the densities of the jet and the ambient liquid.
In [24], the authors found that the availability of a
finite range of instability along the direction of jet
propagation is necessary for the existence of self-
oscillations.

The counterflow can be easily seen on the velocity
profiles in jets (Fig. 10), which may indicate the con-
dition of the existence of the globally instable mode.
Let us estimate its parameters.

The stability of nonparallel currents is normally
analyzed in the following way: the current is divided
into parts, each of which is taken to be quasi-parallel
and treated by the method of normal modes. For each
marked profile of the mean jet velocity, the dispersion
relation D(ω, k; x) is obtained. Assuming that ω and k
are complex, one can determine whether the given

interval of a current is instable and the character of
this instability. To determine the type of instability, the
Briggs criterion [25] is used, which was developed for
use in plasma physics and used in hydrodynamics for
the first time in [20]. The criterion is formulated as
follows. The form of local instability depends on the
sign of the imaginary part of the absolute frequency
ω0 = ω(k0), where k0 is determined from the relation

(k0) = 0. The instability is absolute if Imω0 > 0 and

convective otherwise. This criterion is supplemented
with an additional requirement: the branching point ω0

must appear as a result of the merging of two oppo-
sitely directed modes. Mathematically, this means
that, for a sufficiently large Imω0, the branches k+(ω)

and k–(ω) on the complex plain (Re k, Im k) must be
located at opposite sides of the real axis Re k.

Let us note that the distributed positive feedback in
a spatial current with the globally instable model is
always connected with the existence of an interval of
absolute hydrodynamic instability on this current. The
Briggs criterion means that the existence of this inter-
val is conditioned by the availability of two connected
modes on the current: upstream and downstream. In
this case, the upstream mode acquires energy from
this interval through the resonance energy exchange,
while the downstream mode delivers a positive feed-
back (the downstream transfer of pressure pulsations
according to [20]). If the interval of absolute instabil-
ity on a spatial current is finite, there are globally insta-
ble modes localized in the space because, by definition,
the disturbances become broken by the current quicker
than they grow in areas of convective instability.

In the calculations, the local profiles of velocity
were approximated by a function of the form W0(r) =

dω
dk
-------

 Spectrum

0.04 0.08 0.12 0.20 f, Hz 

Fig. 9. Run and spectrum of oscillations of the upper bound-
ary of the jet.
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Fig. 8).
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{α β(r – 1)] + γ}exp(–σr6). Here, the parameters
α, β, γ, and σ were chosen so that the local profile is
matched by average (over a given cross section of the
jet) values of the current, counterflow, and thickness.
The dispersion relation was obtained from the solu-
tion of an eigenvalue problem for the analog of Ray-
leigh’s equation for disturbances of an axisymmetric
jet:

with the boundary conditions
p(0) = 1, p(∞) = 0.

In the calculations, the frequency ω and wave num-
ber k were assumed to be complex. The level curves of
surfaces Re ω(Re k, Im k) and Im ω(Re k, Im k) were
constructed with the help of the standard package
Golden Software Surfer 32 (Fig. 11). We determined
the position of the saddle point k0 and the absolute fre-
quency ω0 = ω(k0).

Using this technique, we calculated the values of
absolute frequencies for all experimentally measured
profiles of average velocity. These calculations
pointed to the existence of a finite interval along the
jet propagation, where Imω0 > 0 is the area of absolute
instability (Fig. 12).

It is difficult to make a detailed calculation of the
frequency of self-oscillations in the given spatial cur-
rent; however, as shown in [22], the frequency of these

[tanh

d2 p

dr2
---------

1
r
---dp

dr
------

2W0'

W0 c–( )
--------------------dp

dr
------– k2 p–+ 0=

oscillations is close to Re ω0. The calculations show

that the real part of absolute frequency Re f0 = Re

for different cross sections of the jet observed in the
experiment varied in the range from 0.08 to 0.14 Hz.
The range of calculated variations of the real part of

ω0

2π
------
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frequency Re f0 was marked in the spectrum of oscil-
lations of the upper boundary of the jet (Fig. 9). It can
be seen that the theoretical estimates are consistent
with observational data.

7. CONCLUSIONS

In a large test reservoir with artificial temperature
stratification, we have performed a series of experi-
ments devoted to a major laboratory simulation of the
nonstationary dynamics of buoyant turbulent jets
(plumes) generated by deepwater sinks from under-
water collector diffusers. The interaction of plumes
with the pycnocline was found to lead to an active
generation of internal waves.

An analysis of the dependence that the wave ampli-
tude has on the control parameter which is propor-
tional to the rate of liquid flow from the collector dif-
fuser, has indicated that this dependence is adequately
described by a function that is characteristic for its
presence in the Hopf bifurcation system, which occurs
for a soft actuation mode of self-oscillations. As is
shown in [20], the existence of this dependence is a
reliable criterion for the actuation of the globally
instable mode.

To check the conditions for the actuation of the
globally instable mode, we have performed an auxil-
iary experiment in a small reservoir with a salt strati-
fication formulated similarly to the experiment in the
big reservoir. Using the PIV method, we measured the
velocity field in the buoyant jet and constructed the
profiles of transverse velocity in several sections. It
turned out that, when the jet approaches the pycno-
cline, a counterflow is generated at the edges. A stabil-
ity analysis for the resulting profiles of flow velocities
performed by the method of normal modes has
revealed that, for the jet portions with counterflow, the
condition of absolute instability by the Briggs crite-
rion [25] for axisymmetric jet oscillations is satisfied.
The presence of absolute instability in a finite interval
of the jet testifies to the fact that the globally instable
mode is actuated [20]. The estimates for oscillation
frequencies of the globally instable mode are well
consistent quantitatively with the measured spectrum
of jet oscillations. Thus, we can propose the following
mechanism for the generation of internal waves by a
buoyant jet. When the buoyant jet interacts with the
pycnocline, self-oscillations of the globally instable
mode appear. If the frequency of these oscillations
turns out to be smaller than the maximum buoyancy
frequency in the pycnocline, they lead to the active
generation of internal waves.
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